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A brief history of statistics

Experimental design High-dimensional statistics Time series

Statistics repeatedly reinvents itself when a new data modality emerges
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A story about an octopus

e The modern LLM paradigm
starts from next-token
prediction

e At first, this seemed almost
too simple to support rich
language understanding

e Yet scale and data turned
this simple objective into a
remarkably powerful
engine
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The Bitter Lesson in Al and why it is a blessing for
statisticians

THE
BITTER
LESSON

IN Al

CHATGPT IS A BLURRY
JPEG OF THE WEB

By Ted Chiang

e The bitter lesson: scalable computation often beats handcrafted structure
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The Bitter Lesson in Al and why it is a blessing for
statisticians

THE
BITTER
LESSON

IN Al

CHATGPT IS A BLURRY
JPEG OF THE WEB

By Ted Chiang

e The bitter lesson: scalable computation often beats handcrafted structure

e So the opportunity is not to fight scale, but to build statistical principles that
survive scale
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The Annals of Applied Statistics
2026, Vol. 20, No. 1,724-743
hitps:/doi.org/10.1214/26-A0AS2151

© Institute of Mathematical Statistics, 2026

DO LARGE LANGUAGE MODELS (REALLY) NEED STATISTICAL

Department of Statistics and Data Science, University of Pennsylvania, *suw @wharton.upenn.edu

FOUNDATIONS?

By WEUIE SU*

Large language models (LLMs) represent a new paradigm for process-
ing unstructured data, with applications across an unprecedented range of do-
mains. In this paper we address, through two arguments, whether the devel-
opment and application of LLMs would genuinely benefit from foundational
contributions from the statistics discipline. First, we argue affirmatively, be-
ginning with the observation that LLMs are inherently statistical models due
to their profound data dependency and stochastic generation processes, where
statistical insights are naturally essential for handling variability and uncer-
tainty. Second, we argue that the persistent black-box nature of LLMs—
stemming from their immense scale, architectural complexity, and devel-
opment practices often prioritizing empirical performance over theoretical
interpretability—renders closed-form or purely mechanistic analyses gener-
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e Alignment, uncertainty quantification, hallucination, watermarking,

evaluation...
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Diverse human preference

Can large language models (LLMs) faithfully represent or align with diverse
human preference?
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Diverse human preference

Er'ompf: Suggest an ideal weekend acﬁvi*ry]
R1: Quiet solo R2: Active oufd;
reading at home. team sports.

S

—

Preference Feedback

e |t’s personal choice but important: coffee vs tea, football vs basketball

e Annotator-annotator and annotator-researcher agreement rates ranging
from 63% to 77% [Ouyang et al., 2022]
7/50



Preliminaries: Reinforcement learning from human
feedback (RLHF) [Ouyang et al., 2022]

Step1
Collect demonstration data,
and train a supervised policy.

A promptis

sampled from our D
prompt dataset. landing to a 6 year old
Alabeler

demonstrates the @
desired output %
behavior. Some Der;n\ewen\

tothe moon.

This data is used
to fine-tune GPT-3
with supervised
learning.

Step 2

Collect comparison data,
and train a reward model.

A prompt and
several model
outputs are
sampled.

Alabeler ranks
the outputs from
best to worst.

This data is used
to train our
reward model.

Explain the moon
landing to a 6 year old

Emangany Bplan

Step 3
Optimize a policy against
the reward model using
reinforcement learning.

A new prompt

is sampled from 2]
P Write a story
the dataset. about frogs.
The policy o
enerates 252
g o e -
an output. \}52{/

The reward model e
roverd o &
the output. ?R{
v
The reward is
used to update rk —~
the policy
using PPO.
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RLHF
Step 1: Supervised Fine-Tuning (SFT)

e MLE from prompt-answer (z,y) pairs

m(gn —E, y[log my (y|z)]

e Gives a reference model ¢
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RLHF
Step 1: Supervised Fine-Tuning (SFT)

e MLE from prompt-answer (z,y) pairs

m(gn —E, y[log my (y|z)]

e Gives a reference model ¢
Step 2: Reward Modeling
e BT model [Bradley and Terry, 1952]

exp(r(z,y1))
exp(r(x,y1)) + exp(r(z, y2))

P(y1 = yalx) =

e Learn a reward model r by MLE

min —E, .., 108 (2, ) — ro(zi, 1))
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RLHF
Step 1: Supervised Fine-Tuning (SFT)
e MLE from prompt-answer (z,y) pairs

m(gn —E, y[log my (y|z)]

e Gives a reference model ¢
Step 2: Reward Modeling
e BT model [Bradley and Terry, 1952]

exp(r(z,y1))
exp(r(x,y1)) + exp(r(z, y2))

Py > y2lr) =
e Learn a reward model r by MLE
moin —Eu.yo .y logo (ro(z, yw) — ro(xs, 1))
Step 3: RLHF Fine-tuning

m(?XEyw(b(y\z)T(% y) — B - De(me(yl2) | Tref(y|x))
9/50



Two steps warrant statistical thinking

Good teacher o )
Collect comparison data,
and train a reward model.

Apromptand
several model
outputs are
sampled.

Alabeler ranks
the outputs from
best to worst.

This data s used
totrain our

A,
reward model, v

s Preference transfer
Optimize a policy against
the reward model using
reinforcement learning.

Anew prompt
is sampled from
the dataset

The policy
generates
an output.

The reward model
calculates a
reweard for

the output.

The reward is
used to update
the policy
using PPO.

e Step 2 asks whether the reward model is a good teacher

e Step 3 asks whether optimization yields faithful preference transfer
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Is OpenAl’s Step 3 statistically sound?

stps
Optimize a policy against

theroward model ueing Preference transfer

reinforcement learning.

Anew prompt

is sampled from i

the dataset. ‘about frogs

The policy ey

generates 5

an output ¥
Onceuonatim

The reward model

calculates a

the output. *
The reward is
used to update
the policy
using PPO.
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Is OpenAl’s Step 3 statistically sound?

stps
Optimize a policy against

theroward model ueing Preference transfer

reinforcement learning.

Anew prompt

is sampled from i
the dataset. ‘about frogs
The policy ey
generates 2
an output ¥

Onceuonatim
The reward model

a

calculates a

the output. *
The reward is
used to update
the policy
using PPO.

Does reward maximization preserve
diverse human preferences?
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A simple experiment on Llama-7B

e Given a prompt z, report LLM/reward model’s preference on y (vs ')

e Repeat multiple times

1000 +
2000 1 |
800 1
1500 4 ’
600 ‘
1000 4 400
500 200 1 ‘
0 T T T 0+
0.00 0.25 050 0.75 1.00 0.00 025 050 0.75 1.00
Preference on y Preference on y
(a) LLMs (b) Reward Models

e Preference of LLM (student): O or 1
e Preference of reward model (teacher): smooth
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Algorithmic bias of RLHF

A practical observation:
e 7my(y|z) will strongly favor y;, with a probability close to 100%
e Preference of the minority are effectively disregarded

Human Preference LLMs Preference

100%
100% _ 100%

0%

Response 1 Response 2 Response 1 Response 2

e Call this phenomenon preference collapse
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Tyranny of the majority

Even with perfect reward models, LLMs may not align with human preferences
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Tyranny of the majority

Even with perfect reward models, LLMs may not align with human preferences

Unregularized

max Eoylr(z,y)], y~me(y]|a)
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Tyranny of the majority

Even with perfect reward models, LLMs may not align with human preferences

Unregularized

optimal policy outputs y* with

max E, , [r(z,y)], y~m(y | x) | probability essentially 1
e

If y* has the highest reward, the J
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Tyranny of the majority

Even with perfect reward models, LLMs may not align with human preferences

Unregularized

optimal policy outputs y* with

max E, , [r(z,y)], y~7mg(y | x) | probability essentially 1
o

If y* has the highest reward, the J

e Casper et al. (2023): when
preferences differ, the majority wins
and under-represented groups can
be disadvantaged
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Tyranny of the majority

Even with perfect reward models, LLMs may not align with human preferences

Unregularized

optimal policy outputs y* with
max E, , [r(z,y)], y~7mg(y | x) | probability essentially 1

T

If y* has the highest reward, the J

e Casper et al. (2023): when
preferences differ, the majority wins
and under-represented groups can
be disadvantaged

e A51% vs. 49% preference split can
become a near-deterministic policy
output

14/50



Does OpenAl’s solution (early stopping) solve the
problem?

ation in ChatGPT

OveroptimiZ

+ Some overoptimization S mptoms we've seer:
r 7 !
P! ymp!

e verbosity (lists of 1ists of lists)
self-doubt

+ Excessivi
+ Excessive apologies,
+ “As an Al language model” ’
+ Hedging language, “there’s no one-size-fits-all-solution ...

¢ Over-refusals

are the result of over optimization we believe. So, for example, one thing you commonly
get is excessive verbosity. Where you have very long answers, and some of them have lists
of lists of lists.

John Schulman, ICML 2023 invited talk
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Does OpenAl’s solution (early stopping) solve the
problem?

ation in ChatGPT

()vcrop[imiz

i we've seen:
+ Some overoptimization symptoms

e verbosity (lists of 1ists of lists)

self-doubt

+ Excessive
+ Excessive apologies,
+ “As an Al language model” .
+ Hedging language, “there’s no one-size-ﬁls-a]l-so[uhon

¢ Over-refusals

are the result of over optimization we believe. So, for example, one thing you commonly
get is excessive verbosity. Where you have very long answers, and some of them have lists
of lists of lists.

John Schulman, ICML 2023 invited talk

Ad hoc, bias remains

. .
/“ ~
R —-
_e /s
Te
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Preference matching RLHF

Human Preference LLMs Preference

Response 1 Response 2 Response 1 Response 2

Question 1: When and how can LLMs faithfully represent or align with diverse
human preference?

16 /50



Desideratum for aligning diverse human preference

Definition (Preference Matching)

Given an LLM 7, let p1, . .., p,, be the output probabilities of generating y1, . . . , Yn.
w is called preference matching, if for all ¢ # 7,

pi:p; =Py = y5) : P(y; = vi)

e 60% of individuals prefer y;, 40% prefer y,
e The LLM 7 fully preserves human preference if p; : po = 60% : 40%

17/50



Finding the preference matching regularizer

Consider adding a regularizer R(m,(y|z)) to the reward maximization problem:
Hl(?X Eyw'n'd)(-\z) [T((E, y) + R(W¢(y|$)):|

Goal: find R(-)
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Finding the preference matching regularizer
Consider adding a regularizer R(m,(y|z)) to the reward maximization problem:
md?‘x Ey~7r¢(-|z) I:’f‘($, y) + R(7T¢(y|(1))):|

Goal: find R(+)

Theorem

Under mild assumption, the solution is PM if and only if

R(m) = —logm+ C1 4 + C;’w,

where C4 , and Cs ,, are arbitrary constants depending on x
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Finding the preference matching regularizer

Consider adding a regularizer R(m,(y|z)) to the reward maximization problem:
md?‘x Ey~7r¢(-|z) I:’f‘($, y) + R(7T¢(y|(1))):|
Goal: find R(-)

Theorem

Under mild assumption, the solution is PM if and only if

R(m) = —logm+ C1 4 + C;’w,

where C4 , and Cs ,, are arbitrary constants depending on x

Proposition
The unregularized and KL RLHF does not yield the PM solution

18/50



Proof sketch for finding the PM regularizer |

Condition on z, and write r; = r(x,y;) and m; = 7 (y; | x)
e Preference matching requires the solution to be

e’
*x .
Wi—izlem, i1=1,...,n
for arbitrary r1,... 7y
e Use the Lagrangian
L: 7T1(T1+R(7TZ))+>\(Z7T771>
i=1 i=1

e First-order optimality at 7* gives
ri+ R(rf)+ 7 R (7f) + A =0
e Since 7} o e, we can write
r; = log ! + ¢,

with ¢; =log}_; e’ independent of i 19/50



Proof sketch for finding the PM regularizer II

® Hence
R(m)+ R (1) = —logm + ¢,

Differentiating yields
/! / 1
TR (7r)+2R(7T)+;:O

whose general solution is

Cb@

™

R(m) = —logm+Ci 4+

20/50



PM RLHF

02,90
o (ylx)

mgxl[a r(z,y) —logme(ylz) + Ch z +

e The first term: —log 7. It is the entropy:

H(m) = =By, (o log(ms(y|2))]

e The second term (' ,: depends only on z but not on y. Possible choice

e length penalty
o Normalize the reward with zero means

e Thelastterm Cy . /m: zero
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A dual perspective on PM RLHF

Dual objective of the PM RLHF objective

in By, (o) (2,
max min Byr, (17 (@)

s.t. log-sum-exp(r(z,-) — r'(z,)) <€
for some constant e
e log-sum-exp(): log [Zy exp(r(z,y) — r'(z,y))
e Adversarial perturbation the rewards
e Robust optimization problem

22/50



Two practical variants

Conditional PM RLHF
e (ylx
M | (02) ~ o (01 L o) = @)~ tog ( 2 Y1) < )

e Provably Preference Matching on Y = {ref(y|z) > a}
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Two practical variants

Conditional PM RLHF

M ey | r(02) = (s (1) L o) 2 @)~ tog ( P01 (m(y10) < )

e Provably Preference Matching on Y = {ref(y|z) > a}

Preference Matching Optimization

B

7o (Yw|x 7r T
—E(e,yw,u) l0g 0 ((oz + B) log % — (a+ B)log Myl”)
7Tref(ywkl‘) atp 7Tref(ylkl‘) atp

e The DPO-variants of PM RLHF
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The pipeline of PM fine-tuning

Train on all data
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The pipeline of PM fine-tuning

.
9
V.

Y} 9

i

2 Q , té

\}\ # ‘y ao @

Train on all data i RLHF
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The pipeline of PM fine-tuning

Train on all data i
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The pipeline of PM fine-tuning

Trainon all data —> RLHF ——>  PMRLHF

e Preference matching aims to preserve the full preference distribution rather
than collapsing to a single winner

24/50



Experiments on Llama-2-7B

B=0.1 B=0.5 B=1.0
1.50 1 2.01
2.0
1.25
151
1.00 A 1.51
i 1.0
0.75 1.0 1
0.50 1
051 0.5
0.25 1
0.00

- 0.0 - 0.0 -
a=0.1 o=0.3 «=0.5 KLRLHF a=0.1 o=0.3 «=0.5 KLRLHF a=0.1 oa=0.3 «=0.5 KLRLHF

(@) (b) ©

e y-axis: KL divergence between LLM and reward model preference

25/50



It doesn’t compromise accuracy on five tasks

model arc_challenge  hellaswag ~ mmlu  truthfulga  winogrande average
Gemma-DPO 0.3524 0.4776 0.2614 0.2938 0.5943 0.3959
Gemma-CPO 0.3498 0.4721 0.2551 0.2925 0.5927 0.3925
Gemma-SimPO 0.3609 0.4786 0.2695 0.3060 0.5880 0.4006
Gemma-PMO 0.3737 0.4568 0.2621 0.2987 0.6014 0.3985
Llama-DPO 0.3208 0.4442 0.4414 0.2546 0.5896 0.4101
Llama-CPO 0.3336 0.4538 0.4346 0.2619 0.5983 0.4164
Llama-SimPO 0.3387 0.4500 0.3945 0.2583 0.5998 0.4083
Llama-PMO 0.3507 0.4500 0.4526 0.2656 0.5912 0.4220
Qwen-DPO 0.4471 0.5015 0.5983 0.2387 0.6448 0.4861
Qwen-CPO 0.4078 0.5115 0.5927 0.2546 0.6417 0.4817
Qwen-SimPO 0.4471 0.5014 0.5978 0.2387 0.6440 0.4858
Qwen-PMO 0.4394 0.5023 0.5984 0.2521 0.6417 0.4868
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Taking a step back: is OpenAl’s reward model good?

Good teacher

Step2
Collect comparison data,
and train a reward model.

A prompt and
several model 7

Explain the moon
outputs are i taat e ol
sampled. o

Alabeler ranks

the outputs from
best to worst.
0-0-0-0
This data is used P
to trail
rain our .&:&.
reward model. 7
0-0-0-0
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Taking a step back: is OpenAl’s reward model good?

Step2

d h Collect comparison data,
GOO teaC er and train a reward model.
A prompt and N
several model &
xplain the moon
outputs are landing to 2 6 year old
sampled.

Alabeler ranks

the outputs from
best to worst.
0-0-0-0
This data is used =
to train our
reward model. .\:&q
0-0-0-0

e Before asking whether Step 3 is good
optimization, we should first ask whether
Step 2 produces a faithful teacher

27/50



Beyond the BT assumptions

Question 1: When and how can LLMs faithfully represent or align with diverse human
preference?

Under BT assumptions, PM RLHF gives a positive answer

Question 2: Can LLMs partially represent or align with diverse human preference beyond
BT assumptions?

28/50



Beyond BT reward models

A Simplified Model:
e One prompt x
® 1responses yi, Ya, - - - Yn
e m labelers

® Pairwise Comparison:

#(yi = y5)

Py = y;) = -

o P(y; = y;) +P(y; = yi) = 1 (no tie)

Definition (Reward-consistent preference)

A reward model 7 : Y — R captures a preference P(y = v') if for any two distinct
responses y and ¢, 7(y) > r(y’) implies P(y = ¢') >
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Beyond BT reward models

A Simplified Model:
e One prompt x
® 1responses yi, Ya, - - - Yn
e m labelers

® Pairwise Comparison:

#(yi = y5)

Py = y;) = -

o P(y; = y;) +P(y; = yi) = 1 (no tie)

Definition (Reward-consistent preference)

A reward model 7 : Y — R captures a preference P(y = v') if for any two distinct
responses y and ¢, 7(y) > r(y’) implies P(y = ¢') >

e Weakest possible constraint on reward-based preferences

29/50



Condorcet paradox

Definition (Condorcet paradox)
Three labelers (A, B, C) and three responses {y1,y2, y3 }-
Each gives a complete ranking:

° Ayt >=Y2 >~ Y3

® Biya-ys>uy

* Cys>uy1 >y

This gives Margquis de Condorcet
Py = y2) = 2, P(y2 = y3) = 2, P(ys = y1) = 2 ) ”s
e Cyclic human preferences cannot be captured by
any reward model
Y1 Y2
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Condorcet paradox

Definition (Condorcet paradox)
Three labelers (A, B, C) and three responses {y1,y2, y3 }-
Each gives a complete ranking:

° Ayt >=Y2 >~ Y3

® Biya-ys>uy

* Cys>uy1 >y
This gives Margquis de Condorcet

[ V)

P(y1 = y2) = %:P(yz = y3) = §,P(y3 —y1) =%

~/ Y3

e Cyclic human preferences cannot be captured by
any reward model
e Question: How likely is it that human preferences

contain Condorcet cycles? b Y2

30/50



Assumption

Assumption (Preference as ranking)

Given a prompt z and its associated n responses y1,yz, - - ., Yn, an individual
(labeler) expresses a preference in the form of a ranking of these n responses

e Example: Individual 1has: y, > -+ > y2 = 11

31/50



Assumption

Assumption (Preference as ranking)

Given a prompt z and its associated n responses y1,yz, - - ., Yn, an individual
(labeler) expresses a preference in the form of a ranking of these n responses

e Example: Individual 1has: y, > -+ > y2 = 11

Assumption (Impartial culture condition [Guilbaud, 1952])

Each individual independently samples a linear preference ranking with equal
probability 1/n!

e The most widely used assumption in social choice theory
e Mathematically non-trivial
e Can be relaxed to non-uniform settings: with a probability > €

31/50



Our result

Let the number of responses n > 3 and the number of labelers m > 3. Then,

P, »(Condorcet cycle) > 1 — cie” ",

where c1, ca > 0 are universal constants

e Holds forallm >3
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e Converge to 1 exponentially
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Our result

Let the number of responses n > 3 and the number of labelers m > 3. Then,

P, »(Condorcet cycle) > 1 — cie” ",

where c1, ca > 0 are universal constants

e Holds forallm >3
e Converge to 1 exponentially

e With high probability, human preference cannot be represented by a reward
model

32/50



Limitations of reward models

Reward-model-based approaches face fundamental limitations
Are there better alternatives?

33/50



Preference model and Nash learning from human
feedback (NLHF)

Preference model

Ply-vy |

e Keeps pairwise human preference information instead of collapsing it to one
scalar reward

e Define the preference between two policies 7 and 7’ conditioned on a
prompt x by

P(m =" | @) = Eyan(la)ymn (0P Y -y | 2)

NLHF objective [Munos et al., 2024]

max min P (7 = ')
™ ’

34/50



Condorcet winning response (winner)

Definition (Condorcet Winning Response)

Aresponse y* is called a Condorcet winning response if P(y* > y) > 1 for all
y#y

e Corresponds to the winner of an election in traditional social choice theory

e Various names, including the outright winner [May, 1971] and the pairwise
majority rule winner [Gehrlein, 2006]
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Condorcet consistency

Theorem (NLHF and Condorcet winners)

@ A pure-strategy Nash equilibrium exists if and only if there exists a
Condorcet winning response

® When it exists, the equilibrium is unique and equals that response
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Condorcet consistency

Theorem (NLHF and Condorcet winners)

@ A pure-strategy Nash equilibrium exists if and only if there exists a
Condorcet winning response

® When it exists, the equilibrium is unique and equals that response

e |f no Condorcet winning response exists, Nash equilibria are mixed

e NLHF can therefore retain diversity instead of collapsing to one response

36/50



Probability of no Condorcet winning response

Existing Research:

In 1968, [Garman and Kamien, 1968] conjectured that the probability
converges to O asn — oo forallm > 3

The conjecture was later resolved by [May, 1971]

The probability decreases at a rate of O(1/+/n) forall m > 3

At a rate of O(1/n) form = oo

Not optimal

As noted in a series of subsequent papers, this question remains open

In Gehrlein’s book Condorcet Paradox (Section 7), it has been listed as an

open problem (for more than 50 years)

37/50



Our results

Theorem (Upper Bound)

Form > 3,1 =[], given prompt with its n responses,

P,,, »(Condorcet winning response)

2 —1)
1 G+)m  mm—1)
(logn + 1) + ]

m+3 m
1

< (n+ I)Te_(l"g")2 +(n+1)(m+1)n"

Theorem (Lower Bound)

Form > 3,1 = [ ], there exists a universal constant c such that

m
l

m m ].
P, »(Condorcet winning response) > ¢-n'~T - i ) | —=

38/50



Our results

In the LLM regime, where m is fixed and n — oo, our main results simplify to the
following corollary

For m > 3, given a prompt with its n responses,

1—m

P,,,n (Condorcet winning response) = © (n'~T) -0 asn — oo

Furthermore, the Nash equilibria of NLHF are mixed strategies

This resolves the open problem
e The probability converges to O polynomially
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How the exponent grows

Convergence Rates Comparison

10 e

0.9

Trend for m:
: Approaches 1.0 monotonically
o<
Q1
g7 os
&
O
2z
5]
2507
B
3]
o)
a
i = — Existing Bound Rate O(n~%5)
0.6 Matches existing
atm=3 Asymptotic Limit (m—«) O(n~1)
=0~ Our Optimal Bound
Region of Improvement
[ e & e s S i e e e e e s

3 5 7 9 11 13 15 17 19 21 23 25
Number of Voters (m)
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Extension to non-uniform rankings

Each individual independently samples a linear preference ranking with
probability > €

Form > 3, given a prompt with its n responses,

i
1

P,,,(Condorcet winning response) = © (n' =) - 0 asn — oo

e |t still converges to O polynomially
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A broader game-theoretic view

Instead of using the raw preference:

maxrrTlri/n EzmpBymr(|a), v/~ (-|2) [\I'(P(y =1y x))]

T
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A broader game-theoretic view

Instead of using the raw preference:

maxrrTlri/n EpnpBymrn (o), o/ ~r! () [\I/(P(y =1y x))]

T

e NLHF is the special case ¥(t) = ¢
e A game-theoretic analogue of RLHF uses ¥ (t) = log ﬁ
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A broader game-theoretic view

Instead of using the raw preference:

max min Eop By fa),y (o) [V (P(y - ¢ | 2))]

e NLHF is the special case ¥(t) = ¢

* Agame-theoretic analogue of RLHF uses ¥(t) = log -

e Question: which properties depend on the choice of ¥, and which are
robust?

42/50



Which properties survive the choice of U?

Three target properties

e Condorcet consistency: output the Condorcet winner when it exists
e Mixed-strategy diversity: avoid collapsing to one response when no winner exists

e Smith consistency: support only on the smallest top set that beats everything outside
it
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Three target properties

e Condorcet consistency: output the Condorcet winner when it exists
e Mixed-strategy diversity: avoid collapsing to one response when no winner exists

e Smith consistency: support only on the smallest top set that beats everything outside

it y.
Theorem

e Condorcet consistency: W(t) > W(1/2) fort > 1/2, and ¥(t) < V(1/2) fort < 1/2
e Mixed strategies: W(t) + ¥(1 —¢) > 2¥(1/2)
e Smith consistency: ¥ (t) + U(1 — t) = 2W(1/2)
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Which properties survive the choice of U?

Three target properties

e Condorcet consistency: output the Condorcet winner when it exists
e Mixed-strategy diversity: avoid collapsing to one response when no winner exists

e Smith consistency: support only on the smallest top set that beats everything outside

it V.
Theorem

e Condorcet consistency: W(t) > W(1/2) fort > 1/2, and ¥(t) < V(1/2) fort < 1/2
e Mixed strategies: W(t) + ¥(1 —¢) > 2¥(1/2)
e Smith consistency: ¥ (t) + U(1 — t) = 2W(1/2)

e So raw preference is not unique: a whole family of payoffs leads to the same
qualitative alignment guarantees
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Fundamental limitation: no exact preference matching

Theorem (Impossibility)

No smooth payoff built only from pairwise preference data can perfectly match
a specific target human policy as a unique Nash equilibrium
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Theorem (Impossibility)

No smooth payoff built only from pairwise preference data can perfectly match
a specific target human policy as a unique Nash equilibrium

e Exact recovery of the full preference distribution is impossible in general

e What remains possible are qualitative guarantees such as mixed strategies
and Smith-set support
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Fundamental limitation: no exact preference matching

Theorem (Impossibility)

No smooth payoff built only from pairwise preference data can perfectly match
a specific target human policy as a unique Nash equilibrium

e Exact recovery of the full preference distribution is impossible in general

e What remains possible are qualitative guarantees such as mixed strategies
and Smith-set support

Takeaway: game-theoretic alignment preserves structure, not every detail
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Beyond the BT assumptions

Question 2: Can LLMs partially represent or align with diverse human preference
beyond BT assumptions?
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Beyond the BT assumptions

Question 2: Can LLMs partially represent or align with diverse human preference
beyond BT assumptions?

NLHF gives a meaningful partial answer
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Summary

Converge to a mixed strategy
Collapse to one response

No winning response (w.h.p.)

No reward model

Condorcet cycles exist (w.h.p.) Winning response exists

Collapse to the winning response
Collapse to one response

Human preferences

No Condorcet cycles Others

Reward model

BT model

[Collapse to the winning response

e Green: NLHF
e Blue: RLHF
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From partial alignment to misspecification

e Beyond BT, pairwise preference data need not come from one global score vector
e Cyclic structure is exactly where reward modeling begins to break

e So the next question is quantitative: how much loss is forced when we fit the best BT
model anyway?

This turns a qualitative objection into a measurable notion of misspecification
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Quantifying Bradley-Terry misspecification under cyclic
preferences

e |f preferences are globally rankable, Bradley-Terry should fit well

e |f preferences contain genuine cycles, Bradley-Terry is statistically
misspecified
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Quantifying Bradley-Terry misspecification under cyclic
preferences

e |f preferences are globally rankable, Bradley-Terry should fit well

e |f preferences contain genuine cycles, Bradley-Terry is statistically
misspecified

Diagnostic

min L(r), L(r) = Z Dy (pij || o(rs —75))

reRn? .
1<J
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Geometric viewpoint: the cycle component is the
obstruction

Set-up Main heuristic

Ai]' =Dpij — =, (B?")i]' =Tr;—Tj HITiIIL(’/‘) ~ 2||HCLA”37

N =

up to higher-order nonlinear remainder

C =im(B ¢t = cycl
im(B), cycle space terms

e ( contains the globally rankable
component

e (! contains the cyclic inconsistency
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Uniform random rankings

Model
AN COR S Unif(S,)
pi; = 1 il{ﬂ(s)(i) < 7[.(5)(]-)}
ij m —

Aij = pij —

N | =

e The population cycle
component is zero

e Misspecification comes
entirely from finite-sample
cycle noise
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Uniform random rankings

Model Main bounds
AN COR S Unif(S,) My m = E[min L(r)]
1 i S) /- s . — — 2
pij:—Zl{ﬂ()(z)<7r<)(])} M,y . > (n—1)(n—2) _on logn
m4 ’ 12m m?2
1 (n—1)(n—-2) n?logn
ij — Pij — & n,m <
Aig=pi— 5 Mom < om e
2 n—1)(n—-2
. B[[me. ] = ==
e The population cycle 24m
component is zero leading term of My, =< (n—1)(n—2)
e Misspecification comes 12m
entirely from finite-sample
cycle noise
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